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HYPERBOLIZATION VERSUS NON-TRIANGULABLE
MANIFOLDS

ABSTRACT

Gromov proposed hyperbolization in 1980s as a technique to transform a polyhedron
into a non-positively curved space while preserving the local structure, which has been
develop by Michael W. Davis et al. This technique can be applied to a wide class of mani-
fold, so hyperbolic manifolds are somehow dense in the space of manifolds. However, the
non-triangulable manifolds are exception. If we trade off to do asphericalization instead
of hyperbolization, we can have some examples of aspherical non-triangulable manifolds
in dimension 4 and greater than 5. But we still don’t have examples in dimension 5. And

whether a non-triangulable manifold admits locally CAT(0) metric or not remains open.

KEY WORDS: Hyperbolization, Triangulation, Triangulation Conjecture, Aspher-
icalization, CAT(0) space
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Chapter 1 Introduction

Hyperbolization is a technique to canonically transform polyhedra, a kind of well-
behaved topological space, into non-positively curved spaces, in other word, locally
CAT(0) spaces, while it preserves the local structure of the original spaces. It’s proposed
by Gromov in the 1980s [10], and elaborated by Davis and Januszkiewicz in the 1990s
[6]. This technique then have evolved in several decades: Charney and Davis achieved
strict hyperbolization, that is, to transform polyhedra into locally CAT(—1) spaces in 1995
[4], and Ontateda in the 2010s achieved “Riemannian hyperbolization” [18].

Since the hyperbolization technique can be widely used for polyhedra, how about
manifolds, the another kind of well-behaved topological space? Then it encounters a
famous problem in Geometric Topology, the Triangulation Conjecture, stating that “All
topological manifolds admit triangulations, i.e. they are also polyhedra.” proposed by
Kneser in the 1920s. If the conjecture is true, then the standard hyperbolization offers a
shortcut to transform manifolds into hyperbolic manifolds. Or at least if non-triangulable
manifolds are rare, then we can claim that “Hyperbolic manifolds are somehow dense in
the space of all manifolds”.

Good news is that the Triangulation Conjecture holds for all smooth manifolds
[3][22] or in dimension < 3 [17]. However, in general case it is wrong. The first coun-
terexample occurred in dimension 4. In Freedman’s groundbreaking work for 4-manifold
in 1982 [7], the Eg manifold M E, Was constructed and proved to admit no smooth struc-
ture. And later in 1990, Casson proved that it also admits no triangulation [1]. Unfortu-
nately, for dimension > 5, the conjecture is also wrong. Galewski and Stern in the 1970s
constructed a “universal 5-manifold” N, possessing the property that if it is triangulable,
then all manifolds in dimension > 5 are triangulable [8]. And Manulescu in the 2010s
proved that their exists non-triangulable manifolds in dimension > 5 based on Galewski
and Stern’s work. So N turns out to be an example, and the same is true for N> x T"~>
in all dimension n > 5.

It 1s still open that whether there exists a way to hyperbolize general manifolds, or
there exists a non-triangulable manifold admitting no locally CAT(0) metric. Neverthe-
less, there has been progress under a weaker assumption on non-triangulable manifold as
a trade-off, that is, asphericity instead of non-positively curved metric. For non-positively
curved space, the generalized Cartan-Hadamard theorem (similar to the classical version
in Riemannian geometry) implies that its universal cover is contractible, hence the space

itself is aspherical. Davis and Januszkiewicz provided an example that is a aspherical
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non-triangulable manifold in dimension 4, based on the construction of M £, 6], and
Davis, Fowler and Lafont in 2013 provided examples in dimension > 6 [5] based on the
construction of the “universal 5-manifold”. However, the problem still remains open in
dimension 5.

This paper is organized as follows. In Chapter 2 we introduce the hyperbolization
technique in detail, following the construction given in [6]. In Chapter 3 we introduce the
development of the Triangulation Conjecture, and show how the non-triangulable mani-
folds are constructed in dimension 4 and > 5. In Chapter 4, we combine the arguments in
the previous chapters, and show how to construct aspherical non-triangulable manifolds in
dimension 4 and > 6. At last, we analyze the difficulties to hyperbolize a non-triangulable

manifold.



Chapter 2 Hyperbolization of Polyhedra

A polyhedron is a topological space with a simplicial complex structure. We usually
denote the polyhedron by | K|, if its simplicial complex is K. Hyperbolization is a process
to transform a polyhedron into a metric space with non-positive curvature in the sense of
Gromov. It’s described in §3.4 of [10], and elaborated by Davis and Januszkiewicz [6].

Intuitively, this procedure is to replace the simplices of a polyhedron |K| into con-
sistent hyperbolic blocks.

This construction makes sense because the “non-positively curved” property pre-

serves when gluing two pieces along the boundary. Thus we could reproduce a new space
following the pattern of how simplices assembled in the original polyhedron, and using
the “hyperbolized simplices” X instead. Then the new space denoted by X AK shares
the same local structure with K, and turns out to be non-positively curved, which implies
asphericity.
Theorem 2.1 (Davis & Januszkiewicz [6]). Suppose that (X", f) is a hyperbolized n-
simplex which is degree one and tangentially trivial. For any n-dimensional simplicial
complex K, let a(K) := XAK. Then a(K) (with intrinsic metric) is a non-positively
curved geodesic space, hence an aspherical space.

Here (X, f) serves as fundamental “block™. In this chapter, we will explain in detail

how this technique works.
2.1 Williams Functor

Now we introduce the key step of constructing hypebolized polyhedron by means
of “fiber production”, rigorously showing how to build up a new space using hyperbolic
blocks with the pattern of a simplicial complex. This switch from one simplicial complex

into a new space is called Williams functor [23].
2.1.1 Basic Settings

Definition 2.1. Let 6" be the standard n-simplex.
1. A space over ¢” is a pair (X, f), where X is a topological space and f : X — ¢”"
is a continuous map.
2. A simplicial complex over ¢” is a pair (L, ), where L is a simplicial complex and
7 . L - ¢" is a nondegenerate simplicial map (implying dim L < n).

Suppose that (X, f) is a space over ¢ and (L, x) is a simplicial complex over ¢”,



then we can define the fiber production of X and | L| over ¢”",
XAL :={(x,y) € X X |L| | f(x) = z(»)},

as a subspace of X X |L]|.
Furthermore, denote the natural projections as f; : XAL — |L|and p : XAL —
X, then we have the commutative diagram
XAL f% |L|
[
X % o
If J is any subset of the standard simplex ¢”, denote X ; := f ~1(J). In particular, if
a is a closed face of 6", then X, is called a face of X.
Remark 2.1. The translation (L, 7) » (XAL) is actually a functor, known as Williams
functor. This functor is from the category of simplicial complexes over ¢” to the category
of topological spaces.
Besides, (X, f) « (XAL) from the category of spaces over ¢” and face-preserving
maps to the category of topological spaces is also functorial.
Intuitively, the non-degeneracy of (L, 7) means that L can be “folded” by several
times into one single ¢”. For example the octahedron (with 8 = 23 faces) can naturally

be folded by 3 times, each reducing half of faces, and into one triangle face.

>

Figure 1 Octahedron folded into a triangle.

Therefore each adjacent pair of facets in L corresponds to two pieces of X in XAL
with the intersecting part as the plane of symmetry, obeying the rule of “folding process”.
Example 2.1. Let L be a sphere triangulated as octahedron, and z be the natural simplicial
projection shown in Figure 1.

1. (Torus.) X is a torus deleted a disk, and f|,x~g1 is a homeomorphism to do*. Then
XAL is a octahedron with each face replaced by “torus piece”, which equivalent
to a ball added 8 1-handle, i.e. a genus 8 surface.

2. (Flatring.) X = do? x I, and f restricts to the identity on each component of 90.X.
XAL is octahedron with each face replaced by “flat ring piece”, intuitively (the

boundary of) a thickened octahedron with each face punched a large hole.



3. (2-fold branched.) X is a hexagonand f : X — o7 is a 2-fold branched cover with
the center of 6% as branch point. We can forcibly realize this 2-dimensional object in
3-dimensional space, but it will inevitably produce self-intersection lines. Although
XAL is an orientable closed surface, it’s very hard to count genus directly. But we
can tell it from it’s Euler characteristic: it’s glued up by 8 hexagon, and each edge is
shared by 2 faces and each vertex shared by 4 faces, thus V - E+F = 12-24+8 =
—4. That is to say, XA L is a genus 3 surface.

The three (X, f)’s are demonstrated in Figure 2. The orange boundary of X are mapped

to the yellow boundary of 62, and points elsewhere are “flattened” onto the interior of .

See Figure 3 and 4 for more visualization.

2 fold
X. "/ branched

r il )f

o? o? o2

Figure 2 Three examples of (X, f) over o2,

- ;) »
N\ ‘(4

Figure 3 How pieces of X assembled according to L.
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(a) By torus pieces. (b) By flat ring pieces. (c) By 2-fold branched pieces.
Figure 4 The resulting XAL’s.

Remark 2.2. For the above 3 cases, the degree of f (defined from the map f,
H,(X,0X) — Hz(az, 602)) is 1, 0, 2, respectively.
Example 2.2 (Natural simplicial complex over 6”). Let K be an arbitrary simplicial com-

plex, and K’ be its derived complex (to barycenter refine each face of K). Let
d: K- {0,1,...,n}

be the function which assigns to each simplex its dimension. As a simplicial complex,
faces of each simplex 6" € K can be identified with the poset of nonempty subsets of
{0,1,...,n}, thus d naturally induces a non-degenerate simplicial map K’ — ¢". Then
(K',d) over 6" is called natural simplicial complex of K.

For K and any space (X, f) over 6", we can construct

XAK := XAK'

Figure 5 A barycenter refined triangle folded into one piece of triangle.

To have more good properties of X AL, we need some requirements on (X, f) to be
“nice”. In advance, we list some commonly used conditions for (X, f):
(C0) X is path connected and for each codimension one face a of ¢”, the face X, is
nonempty.
(C1) X is a compact n-dimensional P.L. manifold with boundary. Moreover, for each
k-dimensional face a of 6", X, is a k-dimensional P.L. submanifold of X, and

0(X,) = Xy, Themap f : X — ¢" is also required to be piecewise linear.



(CI’) X is a compact smooth n-dimensional manifold with corners. Moreover, for each
k-dimensional face a of 6", X, is a union of k-dimensional strata. The map f :
X — o¢" is required to be smooth and transverse to each proper face of ¢”.
(C2) X satisfies (Cl),and f : (X,0X) — (¢",dc") is degree one mod 2.
(C2%) X satisfies (C1) and oriented, and f : (X,0X) — (¢",00") is degree one.
(C3) X satisfies (C1) and 7y is trivial.
(C4) X is an aspherical CW-complex and if P is any subcomplex of ", then each com-
ponent of Xp is aspherical and the inclusion i : Xp — X induces a injection
i, 7 (Xp,xp) = m (X, xq).
(C5) X isa geodesic space of curvature < 0. Moreover, for each connected subcomplex
J of ¢", the subspace X is totally geodesic. (Condition (C5) implies condition
(C4) by Generalized Cartan-Hadamard Theorem 2.5).
Here the conditions (C4) and (C5) will be used for asphericalization and hyperbolization
respectively. We will give definitions of these concepts later.
The following lemma shows the similarity of K and X AK if (C0) or (C2) is permit-
ted.
Lemma 2.1. Suppose that (X, f) satisfies (C0), then X AL is path connected, and (f),.
ﬂl(XAL) — my(L) is surjective.
This is because they share essentially the same 1-skeleton, which is homotopy equiv-
alent to a wedge sum of circles.
Lemma 2.2 (Williams [23, 2.4, p. 323)).
1. If (X, f) satisfies (C2), then the map (fr), H,(XAL;Z2) - H,/L;Z/2) is
surjective.
2. If (X, f) satisfies (C2°), then (f1), : H*(XAL; sz) — H_(L; A) is surjective,
where A is any local coefficient system on |L|.
Proof. Firstly we assume (C2’). Define a chain map j : C,(L) - C,(XAL) by sending
a k-simplex y to the k-chain (X Ay) € Ck(XAy) C Ck(XAL). Since f : (X,0X) —
(6",00") is degree one and satisfies (C1), flx, 1 (Xg,0X,) — (a,0a) is also degree
one, for any k-face a of ¢”. In this way, let (f )y : C. (X AL) —» C.(L) be the chain map
induced by f, we have (f)s(X Ay) = y + 98, because of degree one in the homology
(XAy can be identified with X,). So consider ((f1)y e j)(¥) = v + 0B, we have that
(fr)sej. =1d : H(L;A) - H,(L;A). So (fr), 1s surjective, which completes the
proof of the second part of the lemma.
For condition (C2), the proof of the first part is the same when we change to Z/2
coefficient. ]



2.1.2 Comparisons Between XAL and X

For any simplicial complex L, the spaces X AL and L have similar local structures,
i.e., they have isomorphic links (so as XAK and K). Furthermore, their tangent bundles
usually have pullback relationship.

Suppose that « is a k-simplex of K, the link of @ in K is denoted by
Link(a, K) :={f € K|a % f/ = n-simplex € K},

and the following theorem says that XA L and L “shares the same link”.
Theorem 2.2 ([6, p. 355-356]). Suppose L is a simplicial complex and (X, f) satisfies
(Cl) or (C1’). For all simplex a in L, the link of a is isomorphic to the link of X , in XAL.

Define the dual cone of a in K by
Dual(a, K) := Cone(Link(a, K)).

Further the open dual cone Dual’(a, K) := Dual(a, K) — Link(a, K).

By definition, the link of a is n — k — 1 dimensional object, and dual cone is n — k
dimensional object. For any ¢” contains a, ¢ N Link(e, K) is a n — k — 1-dimensional
simplex, we denote it by #’. Then there is a natural isomorphism 6" = & X (Coﬁ), where
(dﬁ) contains in Dual’(a, K). Therefore, @ X Dual’(a, K) is well characterized the lo-
cal structure of L. And the case X X Dual’(a, L) for X AL is similar. This argument
concludes the following lemma:

Lemma 2.3. Suppose that (X, f) is a space over ¢" satisfying (Cl) or (C1’), L is a
simplicial complex over ¢", and that a is a k-simplex in L.
1. X has a product bundle open neighborhood in X AL of the form X s x Dual’(a, L).
2. Themap f; : XAL — L induces a bundle map X 3xDual’(a, L) - @xDual’(a, L)
from a neighborhood of Xy in XAL to a neighborhood of & in L. Moreover, this
map has the form g X id, where g = filx,
Since the links are the “boundary” of dual cones, the links of X, and & are isomorphic

by the isomorphism of their dual complexes, which derives Theorem 2.2.

A n dimensional P.L. manifold is defined to be a manifold with transition maps
are piecewise linear, which equivalent to require that the manifold | K| with simplicial
complex structure K satisfies each link of k-simplex is P.L. homeomorphic to standard
(n—k—1) sphere. A ndimensional homology manifold requires also a simplicial complex
structure, whose homology of links is isomorphic to spheres’.

The following corollary is directly derived by Theorem 2.2.



Corollary 2.1. Suppose X satisfies (C1) or (CI’).

1. If|L| is homology n-manifold, then so is X AL.

2. If|L| is a PL. n-manifold, then so is XAL.

Next we introduce some tangential properties of XAL [6, p. 356-358].

Proposition 2.1. Suppose that X satisfies (Cl) and that L is a P.L. n-manifold. Then
XAL is an n-dimensional P.L. submanifold of X x |L|, and the normal bundle of XAL
in X X |L| is trivial.
Proof. Denote P" to be the image of 6" X ¢" under the map 6" X 6" — R”" given by
(u,v) > u—v. So P" is a convex polyhedron and contains the origin in its interior.

Let @ : X X |L| = P" be defined by ¢(x,y) = f(x) — zn(y), thus
XAL = ¢ 0).

Since ¢ is piecewise linear and transverse to 0, it derives that X AL is an n-dimensional
P.L. submanifold of X X | L| with trivial normal bundle. ]
Corollary 2.2. Suppose that X satisfies (C3) and L is a P.L. n-manifold. Then the stable
tangent PL. block bundle of X AL is the pullback of the stable tangent PL block bundle
of L, i.e.

T(XAL) = (f;)*TL.

Proof. Since the restriction T(X X |L|) to X AL is T(XAL) plus the (trivial) normal
bundle of XAL, T(XAL) is stably equivalent to the restriction of T(X X |L|). Further,

by assumption of (C3), T X is trivial. So in the following commutative diagram

XAL < S X X |L|
|L|
we have that T(X A L) is stably equivalent to the pullback of T'L. O
Similarly, we have the smooth version,
Corollary 2.3. Suppose that X satisfies (C1°) and (C3) and that |K| is a smooth n-
manifold. Then the stable tangent vector bundle of X AK is the pullback of the stable
tangent bundle of K, i.e.,

T(XAK) = (fx)'TK.

Remark 2.3. However, it’s not guaranteed that f : XAK — K can be covered by a
map of unstable tangent bundles which is a fiberwise isomorphism, because XAK and
K may have different Euler characteristics and hence the Euler classes of their tangent

bundles may be different.



2.1.3 Relative Construction

In this section, suppose X satisfies (C1) or (C1°).
We will try to construct a cobordism between X AK and K, for any K being a closed
P.L. n-manifold.

Firstly, we introduce the relative version of the Williams functor on (K, J) [6, p. 358-
359], where J is subcomplex of K. Intuitively, we just replace the simplex in K’ — J with
(X, f), without changing the structure near J.

Let J be a subcomplex of K. Let R(J, K) denote the standard derived neighborhood
of J in K’, R°(J, K) denote its relative interior, and 0R(J, K) = R(J, K) — R°(J, K).

Let K denote the simplicial complex formed by deleting the interior of R(J, K) from
K’ and attaching the cone on 0R(J, K), i.e.,

K =(K' = R°(J,K)) U Cone(dR(J, K)).

Let ¢ be the cone point. The complex K’ — R°(J, K) is a simplicial complex over
c". Moreover, under the map d : K — {0, 1,...,n}, no vertex of dR(J, K) is mapped to
the vertex of 0 in ¢”. Hence, the structure on K’ — R°(J, K) as a complex over ¢” extends
to a structure on K by sending ¢, to 0. Consider a point v, in XAK which maps to ¢,
in K. By “lemma(lel)”, v, has a neighborhood in XAK of the form Cone(dR(J, K)).
Remove the interior of this neighborhood and paste back R(J, K). The result is denoted
by XA(K, J) as the relative Williams construction on (K, J).

XA(K,J) := (XAK - Dual’(vy, XAK)) U R(J, K).

Remark 2.4. If K is a P.L. manifold, then XA(K, J) is also a P.L. manifold, similar to
the argument in Corollary 2.1.

Theorem 2.3. Suppose that K is a closed PL. n-manifold, and (X, f) is exactly cover
once onto ¢ (thus with degree 1), then X A(K X I, K X 1) is a cobordism between X AK
and K.

Proof. Although KX I is not a simplicial complex, but the relative construction still works
because (K X I)’ is a simplicial complex. Since XA(K X I, K x 1) is a P.L. n+ 1-manifold
with boundary the components of the boundary are just XA(K X 0) and K X 1. ]

Remark 2.5. The “exactly cover once” condition is essential, and it’s why we always
want the “degree one” condition (i.e. using the Gromov’s construction of hyperbolized
simplex) when establishing the “aspherical non-triangulable manifold” in Chapter 3. Oth-
erwise, take (X, f) cover k times, then points in X AK corresponding to a point in K X 1

would be k copies, and X AK could even be disconnected.
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Example 2.3 (Hyperbolized cobordism but (X, f) not covering once). Take K to be any
simplicial complex of S', and (X, f) to be hyperbolized simplex as the second of Ex-
ample 2.1. Then the boundary of XA(K x I, K x 1) is S' = K x 1 one the one side,

ST ST~ XA(K x0) on the other side. The process of relative construction is shown in
Figure 6.

(a) Original K x I.

(b) Attached a cone.

(c) After hyperbolization.

K X1 XA (K x0)

(d) Relatively hyperbolized cobordism.
Figure 6 The construction process of XA(K X I, K X 1).
Remark 2.6. Just for simplicity, genus showed on figure(c) and (d) is much less than the
actual situation.
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2.1.4 Asphericalization

Before doing hyperbolization, we have a weaker but very direct result to introduce,
called asphericalization, to make a simplicial complex into a aspherical space.
Definition 2.2 (Aspherical). Let X be a connected topological space, if 7, (X) = 0,Vk >
2, then X is called an aspherical space.

We will show in next chapter that for non-positively curved space, asphericity is the
corollary of generalized Cartan-Hadamard Theorem 2.5. And in the next theorem, the
hyperbolized simplex constructed in section 2.3 is just example which satisfies (C4).
Theorem 2.4. Suppose that (L, n) is a finite complex over ¢" and that (X, f) satisfies
(C4), then X AL is aspherical. Moreover, if J is any subcomplex of L over 6", the inclu-
sion induces a injection ﬂl(XAJ) - ﬂl(XAL).

This theorem can be proved in language of “graph of groups”, which shares the flavor
with van-Kampen Theorem. The proof can be found in [20, p. 156].

In simplicity, the theorem makes sense because that if two aspherical polyhedra in-
tersect and there are injections from the z; of intersection to z; of the two polyhedra

respectively, then the whole space is also aspherical.
2.2 Spaces of Non-positive Curvature

In this chapter, we introduce some basic concepts of metric geometry.

A geodesic segment in a metric space X is an isometric map from an interval to X.
Therefore a triangle in X consists of three points together with three geodesic segments
connecting them.

A metric space X is called geodesic if it is complete (the domain of every geodesic
segment can be extended to R) and if any two points in it can be connected by a geodesic
segment. A subset Y of a geodesic space X is totally geodesic if locally every geodesic
segment in X with endpoints in Y is actually contained in Y.

For each real number ¢, let M 2(e) be the complete, simply connected Riemannian
2-manifold of sectional curvature €. If T is a triangle in X, then a comparison triangle in
M?(¢) is a triangle T’ with the same edge lengths as T'.

Remark 2.7. Comparison triangles always exist Ve < 0. If € > 0, T has a comparison
triangle provided T has perimeter < 27/ \/E

Definition 2.3 (CAT(g)). Suppose that T is a triangle in X with vertices x, x{, x5, and
y is a point on the geodesic segment [x;, x,]. Let T’ be a comparison triangle in M 2(e)
with corresponding vertices x, x|, x, and y’ be the point on [x], x;] corresponding to y,

ie. d(y,x;)=d'(y',x}), i = 1,2. Wesay (T, y) satisfies CAT(¢) if d(x, y) < d'(x(, y").
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And we can make the following global definitions,

* The space X satisfies CAT(¢g) if (T, y) satisfies CAT(e) for any triangle T in X
and point y € [x,x,]. (If € > 0, then we only consider triangles of perimeter
< 27/4/[€)

* A geodesic space X has curvature < ¢ if it satisfies CAT(e) locally.

In the context of this article, a geodesic space X is called non-positively curved, if

it satisfies CAT(0) locally.
Remark 2.8. Suppose X is a non-positively curved simply connected geodesic space,
then X satisfies CAT(0) globally [10]. This implies that the distance function d : X X
X — R is convex.
Theorem 2.5 (Generalized Cartan-Hadamard Theorem). A non-positively curved
geodesic space is aspherical.
Proof. Using the convexity of the distance function, we can prove that the universal cover
of a non-positively curved geodesic space is contractible, thus itself is aspherical. O
The following lemma will guarantee that the hyperbolization procedure preserves

non-positive curvature of each hyperbolized simplex. It’s also used in the construction of
hyperbolized simplex.
Theorem 2.6 (Gluing Lemma). Suppose that one of the following condition,

1. X is the disjoint union of two geodesic spaces X | and X, and thatY; C X;, i = 1,2,

is totally geodesic closed subspace, or
2. X is a geodesic space and Y|, Y, are two disjoint totally geodesic closed subspaces.
If f 1Y) = Y, is isometric, let X be the space formed from X by identifying Y| with Y,
via f. Then X with natural metric is a geodesic space. Further, if the curvature of each
component of X is < g, with € < 0, then the same is true for X.
Proof. Why Xisa geodesic space is a standard argument of metric geometry. We focus
on the proof about the curvature.
What we should to prove is that X is locally CAT(e), given that X is locally CAT(¢).
So we only concern about triangles on X that are small enough. Suppose T is such a
triangle with vertices x,, x;, Xx,.

Denote ¥ to be the image of Y;. When x, falls into X —Y, T canbe shrunk to X — Y
as a whole, so satisfies CAT(¢). Thus the crucial case is when x, € IA/, then [x(, x;]
and [x(, x,] can be identified with geodesic segments in X. Suppose [x;, x,] intersect
Y with segment [y, y,], and denote the triangles with vertex {xq, y;, 2}, {xg. X1, 31},
{x0. X3, ¥2} by Ty), T, T, respectively. Then denote T’ and T/,i = 0, 1,2 to be compar-
ison triangles in M2 (e) for T and T;.

It is proved in [2, 4.10, p. 199] that angles at y; and y} are not convex, shown as in
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Figure 7. Since [x], x5] = [x], y]1+[y], ¥31+[¥3, X5 ], the three triangles T, can be seen as
T’ pulling [x], x7] closer to x,. In this way, for z on the segment opposite to x, on T}, then
Zon Tj’ is not farther to x;, than z" on T". Thus we have d(x, z) < d'(x;, ) < d'(x(, 2').
It is to say, T is a CAT(e) triangle. ]

Lo

X M?(¢e)

Figure 7 T’ and T/ ’s behavior on M?(e).

Next we introduce some conceptions about the topology at infinity, which will be
used to distinguish spaces by the infinity property of their universal covers.

For a point x in a metric space P, denote by B,.(r) the open metric ball and .S (r) the
metric sphere of radius r about x.

Suppose P is a CAT(0) geodesic space. Since the distance function is convex, any
two points can be joined by a unique geodesic. Define amapc, : P — B, (r) = S,(r),
called geodesic contraction, by sending a point y to the point on the geodesic joining x and
y of distance r from x. Besides, for r € (0, o), c, is continuous deformation retraction.
Definition 2.4 (Visual sphere). The visual sphere of P at x is the set of geodesic rays
emanating from x, denoted by S, (c0).

The definition says, .S (00) is just the inverse limit of S (r)’s, i.e. S, (c0) = l(ln S.(r).

Let P be a metric space, C(P) be the space of continuous functions on P with topol-
ogy of uniform convergence on compact sets.
Definition 2.5 (Ideal boundary). Suppose that P is a CAT(0) geodesic space. Embed P
into the space C(P) by sending x to the function d, := d(x,-). Let L C C(P) be the
linear subspace of constant functions. Then we can take closure P in the quotient space
C(P)/L, and the ideal boundary of P is defined as P — P.
Remark 2.9. The ideal boundary sometimes is also called the “visual sphere” or “sphere
at infinity”, although in our context the ideal boundary and the visual sphere are differ-
ently defined. However, the next theorem indicates that they could be the same in some
circumstances.
Theorem 2.7 ([6, (2b.2)]). Suppose that P is a CAT(0) geodesic space and that P is a
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Riemannian manifold on the complement of a set of codimension 2. Then for any x € P,

the natural map y : S,(c0) = P — P is a homeomorphism.
2.2.1 Polyhedra of Piecewise Constant Curvature

Denote M" () as the complete, simply connected Riemannian manifold of constant
sectional curvature €. Suppose K is an n-dimensional locally finite simplicial complex
with vertex set V', and the function w : V' — M" maps vertices of any k-simplex « to
k + 1 points in M"(e). Then we can identify each simplex in K with a geometric simplex
in M"(e) by y. Let P denote the geometric realization of K, then P has intrinsic metric
d induced by y, and (P, d) is called a polyhedron of piecewise constant curvature €.

P is called piecewise spherical, piecewise flat or piecewise hyperbolic as € equals
+1, 0, —1 respectively.

Example 2.4 (Natural piecewise spherical structure of links). Suppose that « is geometric
n-simplex in M"(¢) and v is a vertex of @. Since the geodesic rays emanating from v
can intersect a at at most one point, Link(v, ) can be mapped homeomorphically to a
geodesic sphere centered at v. Thus Link(v, «) has natural spherical structure pulled back
from geodesic sphere, and link of v in P has a natural piecewise spherical structure.
Remark 2.10. Similarly, for k-simplex f in P, Link(f, P) has natural piecewise spherical
structure pulled back from a n — k — 1 dimensional sphere.

If f is k-face of n-simplex «a, and x € f, then Link(x, a) is the (kK — 1)-fold suspension
of Link(f, a).

Definition 2.6 (Large spherical polyhedra). A piecewise spherical polyhedron L is large
if any two points x and y in L with d(x, y) < x can be joined by a unique geodesic segment
in L.

For example, if L is homeomorphic to a circle, then L is large if and only if its
circumference is > 2.

Except for our combinatorial definition of link, we can also define the geometric link
of f € K to be the union of the end points of geodesic segments of small length emanating
perpendicularly to f from some point x € f. These two definitions are actually equivalent
in our setting. So if we are allowed to confuse the definition, we can define Link(x, P)
for x € P = | K| in the geometric sense.

Lemma 2.4. Let P = |K| be a piecewise constant curvature polyhedron. The following
Statements are equivalent:
1. Link(x, P) is large for all x € P.
2. Link(p, K) is large for each simplex f of K.
If either condition of the lemma holds, we say that ““P has large links .
15



Proof. The equivalence comes from the fact that a piecewise spherical polyhedron is large
if and only if its k-fold suspension is large. ]
We introduce the following conclusion of “large link” in [6] without proof.

Theorem 2.8. Suppose that P is a polyhedron of piecewise constant curvature € < 0.
Then the curvature of P is < € if and only if P has large links.
Lemma 2.5. Suppose that L is a large piecewise spherical polyhrdron which is a PL.
n-manifold. Then for any v € L and r € (0, ), B,(r) is homeomorphic to the standard
closed n-ball. Consequently B, () is homeomorphic to an open n-ball.
Theorem 2.9. Suppose that Q is a P.L. n-manifold and is a simply connected, piecewise
flat polyhedron with large links, then

1. Foreach x € Q and r € (0, ), B,(r) is homeomorphic to the standard n-ball.

2. Q is homeomorphic to R".

3. The visual sphere S,.(o0) is homeomorphic to sl

For the non-P.L. case, we have:

Theorem 2.10. Suppose that Q is a polyhedral homology n-manifold and that Q is simply
connected, piecewise flat polyhedron with large links. Then for each x € Q and r €
(0, ), B,(r) is contractible homology n-manifold with boundary S.(r), then we have the
following properties,

1. S, (r) is a generalized homology (n — 1)-sphere.

2. If's > r, then geodesic contraction c, . S,(s) = S,(r) is a map of degree one.

Hence the induced map on fundamental groups is surjective.

3. The fundamental group at infinity of Q is the inverse limit
= l(ir_nnl(Sx(r)).

Remark 2.11. The ideal boundary of the universal cover is a finer invariant than its fun-
damental group at infinity.

Corollary 2.4. Suppose Q is as above. If there exists a point x € Q and a real number r
such that S, (r) is not simply connected, then Q is not simply connected at co.

Theorem 2.11. Suppose Q as above, and the PL. singular set of Q is discrete. Let
S, ..., 8y denote the PL. singular points in B,(r), where the r is chosen avoiding S (r)

contain singular points. Then

S.(r) = Link(s;, Q)# ... #Link(s, Q).

So once Q has any P.L. singular point, it can’t be simply connected at co, because of

Corollary 2.4.
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2.3 Hyperbolization

In this section, we formally introduce the hyperbolization process.

Simply by gluing lemma 2.6, we have a direct corollary, can be seen as an initial
version of hyperbolization.
Theorem 2.12. Suppose that (L, ) is a finite simplicial complex over ¢", and (X, f) is a
space over 6" satisfying (C5). Then X AL is a geodesic space of curvature < 0. Moreover,

if P is any connected subcomplex of L, then X AP is a totally geodesic subspace of X AL.

For practical use, we need (X, f) to be tame as manifold. So we just add in (C1) to
define hyperbolized simplex.

Definition 2.7. Suppose that (X, f) is a space over ¢”'. Then (X, f) is called a hyper-
bolized n-simplex if is satisfies conditions (C1) and (C5). It is strictly hyperbolized if its
curvature is strictly negative.

Combining Theorem 2.12, Theorem 2.2, Theorem 2.3, Corollary 2.1, and Corol-
lary2.3 for (X, f) satisfies all conditions (C0) to (C5), we have the main theorem of this
Chapter.

Theorem 2.13 (Davis & Januszkiewicz). Suppose that (X", f) is a hyperbolized n-
simplex which is degree one and tangentially trivial. For any n-dimensional simplicial
complex K, let a(K) := XAK, then

1. a(K) is non-positively curved, thus aspherical space,

2. (fx)s + H.(a(K)) - H,(K) is surjective,
If | K| is an n-manifold, so is a(K), and

3. a(K) is cobordant to |K|.

4. The stable tangent bundle of a(K) is the pullback of that of | K| via f.

Now we introduce certain ways to construct hyperbolized simplices.
2.3.1 Cartesian Product with an Interval

It’s a direct construction, and constructed by induction on dimension n.

When n = 1, just choose X! to be the one-simplex. Suppose that (X", f) is a tan-
gentially trivial, hyperbolized n-simplex. Let Y = X"A(dc""). Let X"*! = Y" %[0, 1].

Then we need to define the map f : X" — ¢"*! Since the boundary of X"*!
is two copies of Y", there is natural projection X"*! = Y x {0,1} — do""!. So the
restriction of f to dX"*! can be defined to be the projection, and then extend to X"*! —
o"*1. Since X" is non-postively curved, so is Y" because of the gluing lemma 2.6. So
X" is also non-positively curved as product space of two non-positively curved spaces.

Now (X"*!, £) has been constructed as we want.
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Remark 2.12. (X2, f)here is just the second of Example 2.1, thus it’s degree 0. Actually,
since (X", f) in all dimension is product of interval, it’s also degree 0 in all dimension.
To have degree 1 hyperbolized simplex which is for Theorem 2.13, we need a more

precise construction, shown following as the Gromov’s construction.
2.3.2 Gromov’s Construction

By Gromov’s construction, we could construct (X, f) that is a piecewise flat, tangen-
tially trivial, degree one and hyperbolized n-simplex in all dimension #, i.e. satisfying
conditions (C1) (C2’) (C3) (C5).

Suppose that r is a reflection on a space Y, A is a half-space, and B = A N r(A) is
the fixed point set.

Let Q(Y, A, r) be the space formed from Y X [—1, 1] by gluing r(A) X —1 to r(A) X 1,
then the image of A X {+1} in Q(Y, A, r) denoted by 0Q is naturally identified with Y.
Proposition 2.2. Suppose that r is a reflection on a space Y and A is a half-space for r.
Let Q =Q(Y,A,r).

1. Suppose that Y is an n-dimensional manifold and that r is locally linear. Then Q is
an (n + 1)-manifold with boundary 0Q =Y.

2. Suppose Y is aspherical, then Q is aspherical. Moreover, m{(Y) — 71(Q) is an
injection.

3. Suppose thatY is a geodesic space and r is an isometric reflection. Then the induced
metric on Q makes Q into a geodesic space and 0L is a totally geodesic subspace.
Suppose further that the curvature of Y is non-positive, then the curvature of Q is
non-positive.

Proof. 1. needs only to check definition. 2. is proved similarly as Theorem 2.4. 3. is
proved by the Gluing lemma 2.6. ]
Remark 2.13. Q(Y, A, r) is also has trivial stable tangent bundle if A has. The proof can
be found in [6, (4c.2)]

The construction. It’s also constructed by induction. Assume by induction that
(X", f) is a piecewise flat, tangentially trivial, degree one, hyperbolized n-simplex. Let
Y" = X"A(dc"*!) (Warning: there is not A.). The automorphism group of " is X, ;,
the symmetric group of degree n + 2. It acts on the derived complex (dc"*!)’ through
automorphisms over ¢” and the natural map 7 : (dc"*')’ — ¢" can be identified with the
orbit map S" — S"/Z,,, = ¢". By functoriality of the Williams construction, X, , acts
on Y" and the natural map Y — (dc" 1) is T, 4o-equivariant. Suppose r is a transposition
in X, ,,, then r is a reflection acting on Y". Suppose A" is the half space for r on Y", then
let X" = Q(Y", A", r).
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Extend the natural map X" = Y" = 96" to f : X" = 6"*! by choosing a
collared neighborhood of dX"*! in X"*!. By the fact that "+ is the cone on d6"*!, the
extension works.

Then (X", f) is constructed inductively with the properties we need.

Remark 2.14. (X2, f) of Gromov’s construction is just the first of Example 2.1.
2.3.3 Stronger Results

The above hyperbolized simplex needs only to be curvature < 0. However, it can be
improved to be curvature < —1 by certain construction, that is to say, we can apply “strict
hyperbolization”. This result is given by Charney and Davis [4].

A more recent result based on strict hyperbolization by Ontaneda [18] in 2010s shows
that if | K| is smooth manifold, then the product after strict hyperbolization can be realized
to be a Riemannian manifold, by forcing the original metric to be smooth inductively,
using specific warp product technique of Riemannian Geometry. This process is called
Riemannian hyperbolization, which can be seen as a smooth version of Corollary 2.1
(actually a little weaker, because Riemannian hyperbolization requires (X, f) to be strict
hyperbolized, rather than any given smooth manifold with corners). Further, the resulting
manifolds can fall into a e-pinch.

Theorem 2.14 (Ontaneda). Let M" be a closed smooth manifold and € > 0. Then there
is a closed Riemannian manifold N" and a smooth map f . N" — M" such that N" is
homeomorphic to the strict hyperbolization of M", and N" has sectional curvatures in
the interval [—1 — €,—1]. Moreover, f, : H,(N) - H, (M) is surjective and ™ pulls

back the rational Pontryagin classes.
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Chapter 3 Non-Triangulable Manifolds

As we have seen, the polyhedra can always be hyperbolized. The simplicial complex
structure on a polyhedron is called a triangulation. Thus if we want to make some space
into non-positively curved, to find a triangulation is a shortcut.

A natural question is that “Does the triangulable spaces exist widely?”. Obviously,
triangulation can’t exist on arbitrary topological spaces, but how about some more well-
behaved spaces, like manifolds? Then it encounters a famous problem in Geometric

Topology, the Triangulation Conjecture.
3.1 Triangulation Conjecture

From now on, manifolds are assumed to be closed, unless otherwise stated.
Definition 3.1 (Triangulation of manifold). Assume M" is n dimensional topological
manifold, we say it is triangulable if and only if there exists a homeomorphism ¢ :
|K| - M", where K is a simplicial complex.

Manifolds are locally Euclidean spaces, i.e. they are locally triangulable. It’s rea-
sonable that this good local behavior can be patched into a global property, that is to say,
manifold admit triangulation.

This is just the conjecture proposed by Kneser in 1926.

Conjecture 3.1 (Triangulation Conjecture). Any topological manifold is also a polyhe-
dron, i.e. admits triangulation.

Early in the 1930s, Cairns [3] and Whitehead [22] proved that all smooth manifolds
admit triangulation (even combinatorial triangulation, which will be defined following).

However, the general answer is NO. The complete conclusion was finally drawn by
Manolescu in 2013 [15], achieved through modern methods in gauge theory.

During the period when triangulation conjecture was widely open, people studied a
stronger version of triangulation simultaneously.

Definition 3.2 (Combinatorial triangulation). We say a manifold M" is combinatorial
triangulable if and only if there exists the triangulation ¢ : |K| - M" and Vo? € K, the
link of ¢4 is P.L. homeomorphic to the standard sphere.

In fact, the existence of combinatorial triangulation on manifold is equivalent to the
P.L. structure of manifold (P.L. to manifold is defined like smooth to manifold. Just to
replace the word “smooth” in definitions into “piecewise linear”. ).

The combinatorial triangulation is strictly stronger than triangulation, example as the

double suspension of Poincaré homology sphere. However, the two kinds of triangulation
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are closely connected.

In the 1960s, Kirby and Siebenmann [11][12] proved the existence of the obstruc-
tion to the P.L. structure on topological manifold for dimension n > 5, called Kirby-
Siebenmann invariant A(M) € H*(M; Z/2), satisfying the following theorem.
Theorem 3.1. Suppose M" is a topological manifold of dimensionn > 5. Then M admits
PL. structure if and only if A(M) = 0. Further, if A(M) = 0, the non-equivalent P.L.
structures on M are parametrized by H 3(M 3 Z12).

The obstruction of triangulation comes from the Kirby-Siebenmann invariant as fol-
lows.

The short exact sequence
0 — kery > 03 = Z/2 > 0

where

1. ®j5 is the homology cobordism group, containing equivalence classes of integral ho-
mology 3-spheres. The equivalence relation is defined as follows: regard two inte-
gral homology Y7, Y, equivalent if there is a smooth, oriented, compact 4-manifold
M with boundary M = —Y; UY, and H, (M) = H,(S> x [0,1]). The group
structure is given by connected sum [Y;] + [Y;] := [Y;#Y,] as addition, orientation
reversing —[Y;] :=[-Y;] as inverse, and § 3 as the identity element.

2. p : ®3 = Z/2 is the Rokhlin homomorphism, defined as follows. For a homology
sphere Y, it bound a compact spin 4-manifold W, and the signature (W) (the num-
ber of positive eigenvalues minus the number of negative eigenvalues) is divisible
by 8. Then u(Y) := o(W)/8 mod 2. By Rokhlin’s theorem 3.4, y is independent
of the choice of W, and actually a homeomorphism. Since D* is countractible,
1(S3) = 0. And Poincaré homology sphere is the boundary of Eg plumbing (Eqg
matrix is 8 by 8 and all eigenvalues are positive), so pt(P3) = 1, which indicates
that ®5 is non-trivial.

induces the long exact sequence of cohomology groups with coefficients
6 4 1 4 u 4 o 5 1
= H'"(M;kery) - H*(M;03) - H'(M;Z/2) - H>(M;ker ) — -,

where ¢ is the Bockstein homomorphism.

Galewski & Stern [9] and Matumoto [16] in the 1970s proved that 6(A(M)) €
H>(M;ker p) is just the obstruction of triangulation for n > 5.
Theorem 3.2. Suppose M" is a topological manifold of dimension n > 5. Then M
admits triangulation if and only if 5(A(M)) = 0 € H>(M; ker w). If 6(A(M)) = 0, the

non-equivalent triangulations are parametrized by H*(M; ker ).
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In language of categories, the four types of manifolds, topological, triangulable, P.L.,

and smooth, obey the strict strong-weak relationship shown in Figure 8.

P.L.

(Combinatorial Triangulable)

Equivalent to inner for dim < 6

Triangulable

Equivalent to inner for dim < 4

TOP

FEquivalent to inner for dim < 3

Figure 8 Relationship of four categories of manifolds.

In dimension n < 3, they are all equivalent (proved by Moise [17]), i.e. all topological
manifolds can be triangulated and combinatorial triangulated and admit smooth structure.

Dimension 4 is a gap between < 3, and > 5 where the obstruction of triangulation
works. But interestingly, the first non-triangulable example, the Freedman’s Eg manifold
M g, was given in dimension 4. It’s constructed by Freedman in 1982 [7], and proved to
be non-triangulable by Casson in 1990 [1].

Until 2013, based on the results of Galewski & Stern, Manolescu proved that in each
dimension > 5, there also exists non-triangulable manifolds[14][21].

So we conclude the theorem,
Theorem 3.3. There exists non-triangulable closed manifold in each dimension n > 4.

Next we will give examples in dimension n = 4 and > 5. As the cornerstone in all

dimensions, we start with n = 4.
3.2 Freedman’s Eg 4-Manifold

According to the Dynkin diagram Eg, we can identify the particular subsets of unit
disk bundles of S2, DTS2 by the following “plumbing” rule (sketched in [19, p. 86]).

1 2 3 4 5 6 7

8

Figure 9 The Eg Dynkin diagram.
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Each node of the Eg diagram represents a DT S?, where .S? has self intersection
number —2. For two adjacent node, take disks D', D’’ on each Sz, then identify the sub
bundle D’ x D? with D? x D" factor by factor. In this way, two S2’s in each adjacent
DT.S? after identification, have exactly intersection number 1.

After the construction, we get a smooth, simply connected 4-manifold Q(Eg) with

intersection form to be Eg matrix

-2 1 0 0 O 0 O
1 =21 0 0 0 0 O
o 1 -2 1 0 O 0 O
o o 1 -2 1 0 0 O
o o o0 1 -2 1 0 1
o 0 o o 1 -2 1 O
o o o0 o o 1 -2 0
o 0 0 o 1 o0 0 =2

and with boundary P?, the Poincaré homology sphere.

By the work of Freedman (proved by using Casson handle), we know that P? bounds
a contractible 4-manifold F* [7]. Then attach F* to Q(Ey) along P3, we get the Freed-
man’s Eg manifold, a closed 4-manifold denoted by Mg, .

Rather than directly attaching a cone on P> to get a homology manifold with cone
point as P.L. singularity, this process of attaching contractible manifold is called “topo-
logical resolution of the singularity™.

Theorem 3.4 (Rokhlin). Assume M* is a orientable closed P.L. manifold with wy =0,
then o(M) is divisible by 16.

By Rokhlin’s theorem, M g, admit no P.L. structure. If not, o(M,) = 8 is a contra-
diction.

Further, by Casson’s invariant [1], it also can be proved that M Eq admits no triangu-
lation.

In fact, triangulation structure is equivalent to P.L. structure (combinatorial triangula-
tion) in dimension 4, as shown in Figure 8. This fact can be proved by Casson’s invariant,
and also can be proved by the Poincaré Conjecture: for any 4-dimensional triangulation,
the link of a simplex of dimension > 0 is a homology sphere of dimension < 2, hence a
standard sphere. And the link of a vertex is a simply connected (because the punctured
star neighborhood is Link(p) X (0, 1) = S3 x (0, 1), thus 7z{(Link(p)) = zrl(S3) = 0) ho-
mology 3-sphere, hence a homotopy sphere, and by the Poincaré Conjecture, a standard
3-sphere.

Remark 3.1. M Eg X T"*, n > 5 still admits no P.L. structure because their A # 0.
However, they admits triangulation. Let K(Eg) = Cone(P) U Q(Ejg) be the homology
manifold by directly attaching a cone on the boundary of Q £+ S0 K(Eg) admits triangu-
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lation. And in fact, M Eg XS I~ K (Eg) X S L soM £y X S! can be triangulated by the
natural triangulation of K(Eg) x S', and so do the other M Eg X T"%s,

3.3 The Universal 5-Manifold

For n = 5, Galewski and Stern constructed a universal 5-manifold N° [8], where the
term “universal” means that if N° is triangulable, then all manifolds in dimension > 5 are
triangulable. Thus if there exist examples non-triangulable in dimension 5, N> must be
one, SO as N> x T" in all dimensions n > 5.

Finally, Manolescu proved that there exists non-triangulable closed manifold in di-
mension # > 5 in 2013, which drew conclusion to the triangulation conjecture.

So in this section, we mainly introduce the Galewski and Stern’s work.

In dimension n > 5, we have a direct corollary from Theorem 3.2.

Theorem 3.5. [fthe short exact sequence
0 — ker(y) > O3 = Z/2 > 0 (3-1)

splits, then all closed topological manifolds with dimension n > S admit triangulation.
Proof. Given that short exact sequence splits, there exists injection k : Z/2 — ©5 such
that y o k = id,,,. Then ®5 = ker uy @ k(Z/2), and 6(A(M)) = o 0*(k(A(M))), where
the coefficient of 0*(k(A(M))) falls into k(Z/2) part of ©5, thus §(A(M)) = 0, for any
M being a topological manifold with dimension n > 5. By Theorem 3.2, we know that
M admits triangulation. ]
Actually, the converse direction of this theorem is also correct. Galewski and Stern
constructed a “universal 5-manifold” N°, satisfying that if N° is triangulable, the short
exact sequence 3-1 is split. If so, by applying Theorem 3.5, all manifolds in dimension

> 5 would be triangulable, where is the term “universal” comes from.
To illustrate how universal 5-manifold works, we need some algebraic preparations.
The short exact sequence

X2 r
0->7ZR — 74— 72 -0

induces a long exact sequence

B X2 i "oy bt X2
= H'M;7Z2) — H'M;Z/4) - H'(M;Z/2) - H™ (M; Z/2) — ---

where the Bockstein homomorphism g is just the first Steenrod square Sq' = g
HM(M; 212) - H*\ (M 212).

The “universal 5-manifold” N° by Galewski & Stern satisfying Sql(A(N ) # 0.
With the help of N°, we have the converse:
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Theorem 3.6. If the “Universal 5-manifold” N° can be triangulated, the short exact
sequence 3-1 splits.

Proof. 1t’s proved by contradiction. Assume the short exact sequence 3-1 does not split.
Then ©; contains no element with y = 1 and of order 2, i.e. V[Y] € ©; satistying
u(Y) =1, we have 2[Y] # 0. Let ®' be the group generated by all 3-dimensional links in
a given triangulation of N, as a subgroup of @;. Leti : ®" & ©5 be the inclusion map.

Since the triangulation on N contains finitely many 3-dimensional links, ® can be
written as a direct sum of finitely many cyclic groups, ® = (h,) @ --- @ (h; ) where each
term is either a free cyclic group or a finite cyclic group of prime power order.

Next we define amap y : ® — Z/4. We only need to define it on {h,-}f.‘zlz I’ If
uCh;)) = 0,lety(h;) = 0. 2’ If u(h;) = 1 and (h;) = Z, let y(h;) = (h;) mod 4; 3’ If
u(h;) = 1 and the order of A; is p™', p = 2 because of u € Z/2 is order 2, further since
©5 contains no element of order 2, we have m > 2. Thus we can also let y(h;) = (h;)
mod 4. By this definition, we have poi =roy.

For triangulable manifold, the obstruction of P.L. structure can be expressed in ©;
coefficient by adding up all codimensional simplices. And take the the Poincaré¢ dual, we
have ¢(N) = dual (Za[lk(Z)]d) € H4(N;®3), satisfying u(c(N)) = A(N). Besides,
I¢’(N) € H*(N;©’) such that i(c'(N)) = ¢(N). Thus

Sq' (u(c(N)) = Sq' (u(i(c'(N)) = Sq' (r(r (" (N))) = 0,

since in the long exact sequence Sq' « r = 0. So we have Sq'(A(N)) =
Sq! (u(c(N))) = 0, which contradicts that Sq' (A(N)) # 0. O

Since the 5-dimensional manifold N> x T"~> also satisfies Sql(A) # 0, we have
Theorem 3.7. If the short exact sequence does not split, on each dimension n > 5, there
exist non-triangulable manifolds, and N> x T"™> is such an example.

The construction of N°. We start with the E¢ plumbing Q(Ejg). Attach a cone to
the boundary P = 0Q(Eyg), we get a homology manifold K(Eg) = Cone(P?) u O(Ey).
Then we attach a orientation-reversing 1-handle D3xItoP’x0and PPx1inK (Eg)X1I,
working as “boundary connected sum” of Q(Eg) X 0 and Q(Ejg) X 1, whose boundary now
becomes P3#P3. The boundary of Cone(P3) U (D3 x 1)U Cone(PS) is also P*#pP3 , SO
we can fill in the boundary with Cone(P>#P?) to obtain a homology 4-sphere T'. Next fill
in T with Cone(T), by some double suspension like argument, the interior of Cone(T') is
S-manifold. Thus

R’ 1= (X*x I) U Cone(T)

is a polyhedral 5 manifold with boundary Cone(P3#P3)UQ(ES)#bQ(Eg), and 0 P contains
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a single non-manifold point, the cone point of Cone(P3 #P> ).

The Kirby-Siebenmann invariant A(R5 ) # 01s the image of [K(Eg)] in H 4(R5 1 Z12),
thus R does not admit a P.L. structure. Since A(JR) is 0, A(R) is also the image of
A(R,0R) € H*(R,dR; Z/2).

Next we try to make R to be a closed manifold and to find the newly constructed man-
ifold is non-triangulable. However, just in this step, the original construction of Galewski
and Stern is hard to work on hyperbolizing. We will explain in next chapter.

Attach an external collar R X [0, 1] to R, obtain a P.L. manifold V* embedded in
0R x (0, 1) which separates d R X (0, 1) into two parts, and then define U to be the part of
external collar between 0R X 0 and V. There V* bounds a P.L. 5-manifold W, thus we

glue in W to get
N’ :=RUUUW
as we desired, because by Wu’s formula, we have
Sq'(A(N)) = Sq'(A(R,0R)) = w; — A(R,dR) # 0.

The non-degeneracy of the first Stiefel-Whitney class w; comes from the orientation-

reversing 1-handle.
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Chapter 4 Aspherical Non-triangulable Manifolds

We mostly desire to construct a CAT(0) non-triangulable manifold. However, it’s
hard to track much geometry in the process of topological construction. Thus we trade off
to ignore the geometry, and try to obtain properties invariant under homotopy equivalent,
for example, asphericity.

Combining the techniques in Chapter 2 and Chapter 3, we can construct aspherical

non-triangulable manifold as follows.
4.1 In Dimension 4

Once again, we start with dimension 4. This example was given by Davis and
Januszkiewicz [6, (5a)].

Take the homology 4-manifold K(Eg) = Cone(P?) U Q(Ey) (the cone point is the
only non-manifold point, whose link is P, not .S?).

Let (X*, f) be the hyperbolization of the 4-simplex by Gromov’s construction, and
G* := X*AK(Ey),

so G* is non-positively curved (hence aspherical) homology 4-manifold. And because
(X, f) is degree 1, the original cone point has only one copy in G*, also as the only non-
manifold point of G*.

Lemma 4.1. G* is oriented, with w, = 0 and signature of the intersection form o(Gh =
8.

Proof. Because G* and K (Ejg) “has the same link” by Theorem 2.2, G* is also a oriented
homology 4-manifold with w, = 0, the same as K(Ejg).

And since G* is cobordant with K (Eg) by Theorem 2.3, 0(G4) = 8, the same as
K(Eyg), because of Thom’s theorem for 4k dimensional boundary of 4k + 1 dimensional
cobordism. ]

Also because of G* has links isomorphic to K(Eg)’s, after removing a regular neigh-
borhood of the cone point of G*, the boundary is also P*. Thus we can replace the neigh-
borhood with the contractible 4-manifold F* again, then we get a closed 4-manifold N*,
which is homotopy equivalent to G*.

Theorem 4.1. The closed 4-manifold N* constructed above has the following properties.
1. N%is aspherical,
2. N* is not homotopy equivalent to a P.L. 4-manifold,

3. N*is not homeomorphic to a simplicial complex,
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4. The universal cover N* is not simply connected at infinity. (Hence N* is not home-

omorphic to R*.)
Proof.

1. Since N* is homotopy equivalent to G*, N* shares the same homotopy group with
G*, and is also aspherical.

2. N*is orientable, with w, = 0, and 6(N 4) =38,s0if N 4 s homotopy equivalent to
some P.L. 4-manifold, it will inherit these numbers, which contradicts to Rokhlin’s
theorem requiring 16 | o(N™).

3. It is proved by Casson’s invariant also because N* is orientable, and with w, =0,
o(N* =8.

4. Tt suffices to prove that G* has this property. Because G* contains the cone point of
P3, the P.L. singular point and its corresponding points in its universal cover G are
also P.L. singular. By Corollary 2.4 and Theorem 2.11, G is not simply connected
at infinity.

[
Remark 4.1. If we apply strict hyperbolization [4] on K(Ejg), we can further smooth the
resulting G* by Ontaneda’s smoothing process [18] to get a homology manifold with a
single non-manifold point. Then we can cut off a regular neighborhood of this point with
any given small size, to get a negatively curved (e-pinched to —1) Riemannian manifold

with boundary P>. This item could be of use for future studies.
4.2 In Dimensionn > 6

This construction is given by Davis, Fowler, and Lafont [5] in 2013, just after Man-
ulescu’s result of non-triangulable n > 5-manifolds.
Theorem 4.2 (Davis, Fowler, Lafont). There exists a closed aspherical non-triangulable
manifold in each dimension n > 6.

Modification of Galewski & Stern’s construction. In dimension n > 6, we have
more room to maintain P.L. structure for hyperbolization.

We take dimension 6 as an example. Let R’ := R> x S, then
A(R') € HX(R; Z/2) ® H°(S'; Z/2) C H*(R,0R; Z/2)

isnonzero. By Edwards’ Theorem, R’ is a topological 5-manifold. Since A(OR") is zero,
OR' is actually homeomorphic to a P.L. 5-manifold V', that bounds a P.L. 6-manifold W"'.
Then let

N' ;=R uUuWwW’
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where U is the mapping cylinder of a homeomorphism between 0R’ and V' = W',
Since A(N') restricts to A(R"), we have A(N") # 0. Same as the original construction,
we know that Sq!(N") = w;(N") — A(N') # 0

Proof of Theorem 4.2. Now we do hyperbolization on N’ with some revises. Let (X°, f)
be the hyperbolized 6-simplex by Gromov’s construction. Then let R; := X ®AR’, since
R’ = R°x S is still triangulated. Also, 0R, is homeomorphic to a P.L. 5-manifold V' (But
the P.L. structure on V' is incompatible with the triangulation of dR; as a subcomplex of
R;.) Let W be a P.L. manifold bounded by V', then apply relative hyperbolization to get
an aspherical 6 manifold R, = XA(W, V') with boundary V. Then let U be the mapping
cylinder of a homeomorphism 0R; — V. Let

N®=R,UUUR,,

is an aspherical manifold as we want.

In the hyperbolization process, the links in polyhrdra are kept, indicating that
A(R;,0R;)is same as A(R’,dR’) # 0. By similar argument, A(N®) # 0, Sq!'(A(N)) # 0
and N°® can not be triangulated.

Moreover, we can take N°xT"~% as example of aspherical non-triangulable manifold

forall n > 6.
]

4.3 Problems in Dimension 5

We cannot construct aspherical non-triangulable 5-manifold just following the above
process, because 0R’ in dimension 4 cannot admit P.L. structure.

However, if we could vary the definition of R® such that the homology manifold
OR® becomes a P.L. 4-manifold after topological resolution, then we could keep on the
hyperbolization process as above [5].

This problem remains open.
4.4 Whether Non-triangulable Manifolds Can Be Hyperbolized

There are two distinct flavors of non-triangulable construction, for n = 4 and > 5.

In dimension 4, our non-triangulable aspherical manifold N* is constructed by at-
taching the contractible F* to a hyperbolized 4-manifold “similar to” Q(Ey) along the
boundary P?. However, Freedman’s F*, which is constructed using Casson handle to
eliminate the 7, contains infinite fractal structures, making it very hard to track the met-
ric. That is to say, it’s hard to tell if F* could admit CAT(0) metric. It would be a compli-

cated work to follow rigorously how Casson handle performs in the topological infinite
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structure, to verify the possibility of tame metric on F*. Otherwise, it may also possible
to disprove it by contradiction, with help of the recent result:
Theorem 4.3 (Lytchak, Nagano, Stadler [13]). Let X be a (globally) CAT(0) space which
is a topological 4-manifold. Then X is homeomorphic to R*,

we could first assume F* admit local CAT(0) metric, and attach it to other local
CAT(0) space with boundary P3 to get a complete local CAT(0) 4-manifold, whose uni-
versal cover is not R*, to get contradiction. However, when F* is treated with boundary
P3, the behavior is very complicated near the boundary.

However, in dimension > 5, it seems nothing to do with Freedman’s work, because
all we need is the algebraic result Sql(A) # 0. During this procedure, we did not use F 4
to topologically resolve the singularity, rather, we make use of the additional dimension
to resolve the singularity similar to “double suspension theorem”. So we cannot find
the explicit location where the P.L. singularity live as in dimension 4. If we want to
hyperbolize N 6 in Section 4.2, the difficulty comes from that we should find a CAT(0)
metric on the topological mapping cylinder U between two non-equivalent P.L. structure,
and the metric restricts to the boundary should be isometric to two original hyperbolized

P.L. manifold. Now this approach is still of blank.

30



[1]

(8]

[10]

[11]

[12]

References

Selman Akbulut and John D. McCarthy. Casson s Invariant for Oriented Homology 3-Spheres:
An Exposition. English. MR 1030042. Bibliography: p. 181-182. Princeton, NJ: Princeton Uni-
versity Press, 1990, pp. xviii + 182. 1sBN: 0-691-08563-3.

Martin Bridson and André Haefliger. Metric Spaces of Non-Positive Curvature. Vol. 319. Jan.
2009. 1sBN: 978-3-642-08399-0. por: 10.1007/978-3-662-12494-9.

S. S. Cairns. “Triangulation of the manifold of class one”. In: Bulletin of the American Mathe-

matical Society 41.8 (1935), pp. 549-552.

Ruth M. Charney and Michael W. Davis. “Strict hyperbolization”. In: Topology 34.2 (1995),
pp. 329-350. 1ssn: 0040-9383. por: https://doi.org/10.1016/0040-9383(94)00027-1. URL:
https://www.sciencedirect.com/science/article/pii/0040938394000271.

Michael W. Davis, James Fowler, and J.-F. Lafont. “Aspherical manifolds that cannot be tri-
angulated”. In: Algebraic & Geometric Topology 14 (2013), pp. 795-803. URL: https://api.
semanticscholar.org/CorpusID:16761151.

Michael W. Davis and Tadeusz Januszkiewicz. “Hyperbolization of polyhedra”. In: Journal of
Differential Geometry 34.2 (1991), pp. 347-388. por: 10.4310/jdg/1214447212. UrL: https:
//doi.org/10.4310/jdg/1214447212.

Michael H. Freedman. “The topology of four-dimensional manifolds”. In: Journal of Differ-
ential Geometry 17 (1982), pp. 357-453. URL: https://api.semanticscholar. org/CorpusID:
117893963.

D. Galewski and R. Stern. “A UNIVERSAL 5-MANIFOLD WITH RESPECT TO SIMPLI-
CIAL TRIANGULATIONS”. In: Geometric Topology. Ed. by JAMES C. CANTRELL. Aca-
demic Press, 1979, pp. 345-350. 1sBN: 978-0-12-158860-1. por: https://doi.org/10.1016/
B978-0-12-158860-1.50025-3. URL: https://www .sciencedirect.com/science/article/pii/
B9780121588601500253.

David E. Galewski and Ronald J. Stern. “Classification of simplicial triangulations of topolog-
ical manifolds”. In: Annals of Mathematics 111 (1980), p. 1. URL: https://api.semanticscholar.
org/CorpusID:124776774.

M. Gromov. “Hyperbolic Groups”. In: Essays in Group Theory. Ed. by S. M. Gersten. New
York, NY: Springer New York, 1987, pp. 75-263. 1SBN: 978-1-4613-9586-7. por: 10.1007/978-
1-4613-9586-7 3. URL: https://doi.org/10.1007/978-1-4613-9586-7 3.

Robion C. Kirby and L. C. Siebenmann. “On the triangulation of manifolds and the Hauptver-
mutung”. In: Bulletin of the American Mathematical Society 75 (1969), pp. 742—749. URL: https:
//api.semanticscholar.org/CorpusID:14514390.

ROBION C. KIRBY and LAURENCE C. SIEBENMANN. Foundational Essays on Topolog-
ical Manifolds, Smoothings, and Triangulations. (AM-88). Princeton University Press, 1977.
I1SBN: 9780691081908. URL: http://www.jstor.org/stable/j.ctt1b9s024.

31


https://doi.org/10.1007/978-3-662-12494-9
https://doi.org/https://doi.org/10.1016/0040-9383(94)00027-I
https://www.sciencedirect.com/science/article/pii/004093839400027I
https://api.semanticscholar.org/CorpusID:16761151
https://api.semanticscholar.org/CorpusID:16761151
https://doi.org/10.4310/jdg/1214447212
https://doi.org/10.4310/jdg/1214447212
https://doi.org/10.4310/jdg/1214447212
https://api.semanticscholar.org/CorpusID:117893963
https://api.semanticscholar.org/CorpusID:117893963
https://doi.org/https://doi.org/10.1016/B978-0-12-158860-1.50025-3
https://doi.org/https://doi.org/10.1016/B978-0-12-158860-1.50025-3
https://www.sciencedirect.com/science/article/pii/B9780121588601500253
https://www.sciencedirect.com/science/article/pii/B9780121588601500253
https://api.semanticscholar.org/CorpusID:124776774
https://api.semanticscholar.org/CorpusID:124776774
https://doi.org/10.1007/978-1-4613-9586-7_3
https://doi.org/10.1007/978-1-4613-9586-7_3
https://doi.org/10.1007/978-1-4613-9586-7_3
https://api.semanticscholar.org/CorpusID:14514390
https://api.semanticscholar.org/CorpusID:14514390
http://www.jstor.org/stable/j.ctt1b9s024

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

Alexander Lytchak, Koichi Nagano, and Stephan Stadler. “CAT(0) 4-manifolds are Euclidean”.
In: Geometry & Topology (2021). URL: https://api.semanticscholar.org/CorpusID:237572167.

Ciprian Manolescu. Lectures on the triangulation conjecture. 2024. arXiv: 1607 . 08163
[math.GT].

Ciprian Manolescu. Pin(2)-equivariant Seiberg-Witten Floer homology and the Triangulation
Conjecture. 2015. arXiv: 1303.2354 [math.GT].

T. Matumoto. “Triangulation of manifolds”. In: Algebraic and geometric topology (Proc. Sym-
pos. Pure Math., Stanford Univ., Stanford, Calif., 1976), Part. Vol. 2. 1976, pp. 3-6.

Edwin E. Moise. “Affine structures in 3-manifolds, V, The triangulation theorem and Hauptver-
mutung”. In: Annals of Mathematics 56 (1952), pp. 96—114. UrL: https://api.semanticscholar.
org/CorpuslD:124364659.

Pedro Ontaneda. “Riemannian hyperbolization”. en. In: Publications Mathématiques de I' IHES
131 (2020), pp. 1-72. por: 10.1007/s10240-020-00113 - 1. UrL: https://pmihes. centre -
mersenne.org/articles/10.1007/s10240-020-00113-1/.

Alexandru Scorpan. “The wild world of 4-manifolds”. In: 2005. URL: https : / / api .
semanticscholar.org/CorpusID:117823549.

Peter Scott and Terry Wall. “Homological Group Theory: Topological methods in group the-
ory”. In: 1979. urL: https://api.semanticscholar.org/CorpusID:203992583.

Andras 1. Stipsicz. “Manolescu’s work on the triangulation conjecture”. In: Séminaire Bourbaki
(2019). urL: https://www.bourbaki.fr/TEXTES/Exp1164-Stipsicz.pdf.

J. H. C. Whitehead. “On C1-Complexes”. In: Annals of Mathematics 41.4 (1940), pp. 809-824.
1ssN: 0003486X, 19398980. URL: http://www.jstor.org/stable/1968861.

R. F. Williams. “A useful functor and three famous examples in topology”. In: Transactions of
the American Mathematical Society 106 (1963), pp. 319—329. URL: https://api.semanticscholar.
org/CorpusID:54179318.

32


https://api.semanticscholar.org/CorpusID:237572167
https://arxiv.org/abs/1607.08163
https://arxiv.org/abs/1607.08163
https://arxiv.org/abs/1303.2354
https://api.semanticscholar.org/CorpusID:124364659
https://api.semanticscholar.org/CorpusID:124364659
https://doi.org/10.1007/s10240-020-00113-1
https://pmihes.centre-mersenne.org/articles/10.1007/s10240-020-00113-1/
https://pmihes.centre-mersenne.org/articles/10.1007/s10240-020-00113-1/
https://api.semanticscholar.org/CorpusID:117823549
https://api.semanticscholar.org/CorpusID:117823549
https://api.semanticscholar.org/CorpusID:203992583
https://www.bourbaki.fr/TEXTES/Exp1164-Stipsicz.pdf
http://www.jstor.org/stable/1968861
https://api.semanticscholar.org/CorpusID:54179318
https://api.semanticscholar.org/CorpusID:54179318

B O

U 1R SC 3 T B B 2 T At B AE A BHIU 4 Bl 2R A3 27 1R AL P 14 85 KR
Z—o MR TSR FARIAETIH ,  HIUR A AN I (A 7 17 319 21 1)
AR SRS ZJERZ SR, FH BN &2 T o A A W 5 2 P
B, RPN AEM T, XIVFES W2 I E R AR EO A — 4K
Ko BFAEASAT AN, BN R R 2, B b AT H . Al 52 RN
figeit, HREREE, WEKRTr, WUBEGER, BEBWFY), LA MR

TR S R S 2 I N R AEITOR U Bt = i . RN, &4,
EhN, RS2, sKEMEZIN. XA MR RAERABIN, BAEM b
IR E3RAF T LS mi-A A FIR, LA 7N TT 4RSS RS %

SRR (1 PIE AT e B WV 3 D S 2 e e 2 A Sl AT SR B R e
S S o U N AR o STy P etz oo el (TN S 1 N i L b
PAEH AP TARHE Z IR MR T 5 RSAN1580R,  F IR AT e A3
AEER BRI, RAZFSEATE E . (FONIR ST B, AR 2 ScH Y
RIS R T W 7E o> I SCRF S Bl S O [R] S AT TRIORH e A A

PRI BT 20, BhFS 20, AREER 2. RSB H 1 8, B3
AT TEREE IR G TE A2 A%

R U B S RO B R I 2 T L 3 SR SR B VD R AR 2 . ATV T
i, WPEE, SRR PR AR AL KBSl R A 1= BN

KA WS, BANRZ 2N EE LR SEHEN T .

BE
2026 F 5 H

33



	流形的双曲化与不可三角剖分的流形
	
	摘要
	ABSTRACT
	CONTENTS
	FIGURES
	Chapter 1 Introduction
	Chapter 2 Hyperbolization of Polyhedra
	2.1 Williams Functor
	2.1.1 Basic Settings
	2.1.2 Comparisons Between XΔL and X
	2.1.3 Relative Construction
	2.1.4 Asphericalization

	2.2 Spaces of Non-positive Curvature
	2.2.1 Polyhedra of Piecewise Constant Curvature

	2.3 Hyperbolization
	2.3.1 Cartesian Product with an Interval
	2.3.2 Gromov's Construction
	2.3.3 Stronger Results


	Chapter 3 Non-Triangulable Manifolds
	3.1 Triangulation Conjecture
	3.2 Freedman's E8 4-Manifold
	3.3 The Universal 5-Manifold

	Chapter 4 Aspherical Non-triangulable Manifolds
	4.1 In Dimension 4
	4.2 In Dimension n⩾ 6
	4.3 Problems in Dimension 5
	4.4 Whether Non-triangulable Manifolds Can Be Hyperbolized

	References
	致谢


